Although the cosmological paradigm based on cold dark matter and adiabatic, nearly scaleinvariant primordial fluctuations is consistent with a wide variety of existing observations, it has yet to be sufficiently tested on scales smaller than those of massive galaxies, and various alternatives have been proposed that differ significantly in the consequent small-scale power spectrum (SSPS) of large-scale structure. Here we show that a powerful probe of the SSPS at k 10 Mpc −1 can be provided by the 21 cm forest, that is, systems of narrow absorption lines due to intervening, cold neutral hydrogen in the spectra of high-redshift background radio sources in the cosmic reionization epoch. Such features are expected to be caused predominantly by collapsed gas in starless minihalos, whose mass function can be very sensitive to the SSPS. As specific examples, we consider the effects of neutrino mass, running spectral index (RSI) and warm dark matter (WDM) on the SSPS, and evaluate the expected distribution in optical depth of 21 cm absorbers out to different redshifts. Within the current constraints on quantities such as the sum of neutrino masses mν, running of the primordial spectral index dns/d ln k and WDM particle mass mWDM, the statistics of the 21 cm forest manifest observationally significant differences that become larger at higher redshifts. In particular, it may be possible to probe the range of mWDM 10 keV that may otherwise be inaccessible. Future observations of the 21 cm forest by the Square Kilometer Array may offer a unique and valuable probe of the SSPS, as long as radio sources such as quasars or Population III gamma-ray bursts with sufficient brightness and number exist at redshifts of z 10 -20, and the astrophysical effects of reionization and heating can be discriminated.
I. INTRODUCTION
Over the last decades, cosmological observations have provided us with a wealth of information about the structure and evolution of the universe. Dedicated studies of anisotropies in the cosmic microwave background (CMB) by the COBE, WMAP and Planck satellites as well as ground-based telescopes have yielded increasingly precise information on the spectrum of cosmic density fluctuations on the largest scales [1] [2] [3] [4] [5] . Extensive surveys of galaxies and clusters of galaxies and their gravitational lensing effects have clarified the power-spectrum of largescale structure (LSS) on somewhat smaller scales [6] . Finally, investigations of inhomogeneities in intergalactic hydrogen through the Lyman alpha forest have led to valuable constraints on the distribution of cosmic structure on the smallest scales to date [7] .
Most current observations can be accommodated consistently by the concordance ΛCDM cosmological model, based on cold dark matter (CDM), a cosmological constant, and a power-law spectrum of adiabatic primordial density fluctuations that is nearly scale-invariant [8] . However, the ΛCDM model has yet to be sufficiently * Electronic address: bukuro@nagoya-u.jp tested against observations on scales much smaller than those corresponding to massive galaxies. The small-scale power spectrum (SSPS), that is, the power spectrum of large-scale structure on such scales, is of great interest from different perspectives, not only for cosmology but also for fundamental physics.
On the premise that the concordance ΛCDM cosmology is basically valid, one aspect of the SSPS that has received great attention is its role in constraining the mass of neutrinos [9, 10] . The existence of finite rest mass of neutrinos has been demonstrated by experiments probing solar and atmospheric neutrino oscillations, which are sensitive to the relative mass differences between different neutrino families. An important cosmological effect caused by light, massive neutrinos is the suppression of the matter power spectrum on scales smaller than the free streaming scale, which becomes stronger when the total mass of neutrinos is larger. In turn, various cosmological observations including the SSPS can provide valuable upper limits on the total mass of neutrinos. Current such limits on the sum of neutrino masses of all families is conservatively of order m ν 1 eV. It is of great interest whether further observations can improve on them or even provide measurements of the neutrino mass.
Going somewhat beyond the simplest ΛCDM model, an interesting possibility is that the spectrum of primordial fluctuations is not a pure power-law but has a running spectral index (RSI) , that is, a spectral index n s that is scale-dependent. Standard, single-field, slow-roll models of cosmological inflation in the early universe predict a nearly scale-invariant spectrum with n s ≃ 1, where n s −1 and dn s /d ln k are expected to be first and second order respectively in the small, slow-roll parameters. However, in some inflation models, relatively large RSI can be realized [11, 12] . Current cosmological observations indicate n s − 1 = O(0.01), consistent with standard, slow-roll inflation models. More extensive observations over a wider range of scales including the SSPS should lead to more precise constraints and help to discriminate among inflation models that are indistinguishable in terms of n s alone.
Finally, as a more drastic alternative to CDM, warm dark matter (WDM) with particles masses in the keV range has been proposed on various grounds. The cosmological effect of WDM is characterized by its free streaming scale that depends on its mass m WDM . Whereas above this scale, it behaves similarly with CDM and is indistinguishable from it, below this scale, it dramatically suppresses the power spectrum, resulting in much fewer dark matter halos on small scales compared to CDM. One specific particle physics candidate for WDM is sterile neutrinos, which are currently constrained to have a mass somewhere in the range m WDM ∼ 1 − 50 keV [13, 14] . Furthermore, WDM has also been motivated from an astrophysical viewpoint. Current observations indicate that the abundance of satellite galaxies around the Milky Way and in the Local Group is much lower than compared to the abundance of CDM subhalos on corresponding scales, the so-called "missing satellites problem" [15, 16] . Although the resolution may lie in astrophysical feedback effects that preferentially quench star formation in smaller systems, WDM can provide an intriguing alternative explanation by attributing the lack of satellite galaxies to the absence of the relevant dark halos in such cosmologies. Such an interpretation may favor a WDM mass in the range of a few keV [17] (see however [18] ). Further observations of the SSPS can offer a critical test of WDM as a viable dark matter candidate.
In order to investigate the SSPS in greater depth and test ΛCDM and its alternatives, the most direct approach would be to observationally probe dark matter halos on scales much smaller than those of galaxies in the present universe. However, this is made difficult by the fact that the bulk of the intergalactic medium (IGM) has been fully ionized after completion of cosmic reionization at z ∼ 6. In such circumstances, the gas in sufficiently small halos, in particular "minihalos" with masses M 10 8 M ⊙ and virial temperature T vir 10 4 K, is expected to have been substantially photoevaporated [19] . Thus the only way to probe such halos in the present day may be via gravitational lensing effects [20] or possibly DM annihilation gamma rays [21] , which are very challenging prospects.
On the other hand, an alternative avenue may open up by focusing on redshifts z > 6, before cosmic reionization and minihalo photoevaporation have proceeded significantly. At such epochs, the cold, neutral gas associated with collapsed systems may be observable as a series of redshifted absorption features due to the 21 cm transition in the continuum spectrum of luminous background radio sources such as radio quasars or possibly gamma-ray bursts (GRBs). Dubbed the "21 cm forest" in analogy with the Lyman alpha forest, previous work has shown that the gas in minihalos can give rise to numerous, narrow absorption features that may be observable with future facilities such as the Square Kilometer Array (SKA), as long as sufficiently bright radio sources exist at the relevant redshifts [22] [23] [24] . The mass function of minihalos is dependent on the SSPS on scales k 10 Mpc −1 , much smaller than the smallest scales that are at present observationally accessible via the Lyman alpha forest. Therefore, future observations of the 21 cm forest can potentially provide a very sensitive probe of the SSPS, which in turn can provide valuable constraints or measurements of fundamental physics parameters such as the neutrino mass, the WDM particle mass or RSI of primordial fluctuations, the prospects of which are the main topic of this paper.
Note that minihalos themselves are unlikely to harbor appreciable star formation, as their virial temperatures are below the threshold for efficient gas cooling via atomic transitions. However, the 21 cm forest signal can also be significantly affected by external astrophysical effects, such as a background of UV photons or heating of the gas via X-rays or shocks, which are expected to become progressively more important as cosmic reionization proceeds. Indeed, the implications of such astrophysical feedback processes have been the main focus of studies on the 21 cm forest so far [22] [23] [24] [25] [26] [27] [28] [29] . Since the consequences for the 21 cm forest of the SSPS beyond the standard ΛCDM cosmology is being discussed here for the first time, as an initial step, here we choose not to account for the complicating effects of a UV background or heating caused by astrophysical sources. Thus we are able to isolate and clarify the effects of modifications to the SSPS itself. The neglect of feedback effects would be more justifiable at higher redshifts, z 20, where the formation and evolution of stars and other objects are expected to be more limited.
We mention that the global signal of 21 cm emission from minihalos and/or the IGM at high redshifts (for reviews, see [30] [31] [32] ) has been previously discussed as a potentially powerful probe of the SSPS [33, 34] . However, the major obstacle to such prospects is the huge level of foreground emission, several orders of magnitude brighter than the expected signal, that must be removed very efficiently in order to observe such emission [35] . In contrast, foregrounds are not a concern for observing the 21 cm forest, as long as sufficiently bright background radio sources exist. This paper is organized as follows. In Section II, we describe our basic assumptions and formulation regarding the halo gas profile, spin temperature, optical depth and abundance of absorbers. Section III continues with how we formulate the modifications to the SSPS caused by massive neutrinos, RSI and WDM, and also presents the corresponding expectations for the 21 cm forest, in comparison with the standard ΛCDM case. We end with discussions on the observability, various caveats, and a summary in Section IV. 
II. BASIC FORMULATION
For the most part, our basic formulation follows that given by Furlanetto [22, 24] , with due modifications for our purposes.
A. Halo gas profile
We start with the description of the gas density profile in dark matter halos. We assume that the dark matter potential is described by the Navarro, Frenk & White (NFW) profile [36, 37] , characterized by the concentration parameter y = r vir /r s , where r s is the scaling radius, and the virial radius r vir is given by [38] r vir = 0.784
where ∆ c = 18π 2 + 82d − 39d 2 is the overdensity of halos collapsing at redshift z with
. Here we follow the N-body simulation results of Gao et al. [40] for halos at high-redshift and assume that y is inversely proportional to (1 + z).
Within the dark matter halo, the gas is assumed to be isothermal and in hydrostatic equilibrium, in which case its profile can be derived analytically [27, 41] . The gas density profile is given by
where
is the virial temperature [38] , ρ g0 is the central gas density, m p is the proton mass, and µ = 1.22 is the mean molecular weight of the gas. The gas escape velocity at radius r , v esc (r) is written as
where x ≡ r/r vir and F (y) = ln(1 + y) − y/(1 + y), and V c is the circular velocity given by [38] 
The gas escape velocity reaches its maximum of v 
where A = 3y/F (y) andρ m (z) is the mean total matter density at redshift z.
In this work, we consider only the gas within r vir . We note that gas outside r vir and accreting onto the halo can provide a significant additional contribution to the absorption signal, although it is difficult to model accurately [22, 27] .
B. Spin temperature
The optical depth to 21 cm absorption is determined by the HI column density and the excitation state of the hyperfine transition of the HI atom, characterized by the spin temperature T s . Most generally, T s is determined by the following equation describing the balance between absorption/emission of CMB photons, collisions with other particles and scattering with UV photons [30] :
Here, T γ = 2.73(1 + z ) is the CMB temperature at redshift z, T K is the gas kinetic temperature, T C is the effective color temperature of the UV radiation field, and x c and x α are the coupling coefficients for collisions with particles and UV photons, respectively. As discussed in Section I, in this work we choose not to account for any UV radiation field in order to understand better how the 21cm forest is affected by modification to the SSPS itself. Hence the relevant equation simplifies We also set T K = T vir , which should be a good approximation for minihalos where gas cooling is inefficient. In principle, H 2 molecular cooling can reduce the gas temperature slightly below T K [37] and increase the absorption optical depth, although this effect can be mitigated by H 2 destruction by a Lyman-Werner background [42] .
The main contributions to collisional coupling are H-H and H-e − collisions, and x c is written as
where n HI is the number density of HI atoms, κ HH 10 and κ He 10 are the de-excitation rates of H-H and H-e collisions, respectively, A 10 =2.85 × 10 −15 s −1 is the Einstein coefficient for the spontaneous decay of the 21 cm transition, and T * = 0.0682 K is the equivalent temperature corresponding to the difference of the energy levels in the 21 cm transition. Since we do not account for the effects of cosmic reionization, the fraction of free electrons is small so that we can neglect the contribution from H-e collisions. The de-excitation rate κ HH for T K ≤ 300 K is given by Zygelman [43] . For the temperature range of T K ≥ 300 K, an approximate formula has been adopted in the literature [30] .
The profiles of spin temperature for different minihalo masses are shown in Fig.1 . The spin temperature is equivalent to the virial temperature in the inner regions of minihalos (r ≪ r vir ), and decreases asymptotically to the CMB temperature toward the virial radius. This is due to the lower number density of the HI gas in the outer regions that makes collisional coupling less effective. 
C. Optical depth
The optical depth to 21 cm absorption of a halo of mass M at impact parameter α at frequency ν can be written as an integral along the line of sight [22] :
In Fig.2 , the optical depths to 21 cm absorption for minihalos of different masses at z = 10 are shown as a function of the impact parameter. Smaller impact parameters result in larger optical depths by virtue of the larger column density despite the higher spin temperature. We also note that minihalos with smaller masses give larger optical depths when compared at the same impact parameter, which can be understood as follows. The halo mass dependence of the optical depth in Eq. (10) comes from n HI , T S and R max . Roughly speaking, we can estimate n HI ∼ M/r and T vir ∝ M 2/3 , we find n HI ∝ M 1/3 and T S ∝ M 2/3 , pointing to larger optical depths for less massive halos. The actual dependence may be somewhat more complicated due to the non-trivial density profile. The width of the absorption feature is determined by T S ∼ T vir and expected to be of order a few kHz in observer frequency [22] .
D. Abundance of absorbers
In order to evaluate the expected abundance of absorption features per redshift interval along an average line of sight, we introduce a cumulative function
where dr/dz is the comoving line element, r τ (M, τ ) is the maximum impact parameter in comoving units that gives optical depths greater than τ , and dN/dM is the halo mass function representing the comoving number density of collapsed dark matter halos with mass between M and M + dM , here given by the Press-Schechter formalism [44] . The maximum mass M max for minihalos is taken to correspond to T vir = 10 4 K, below which gas cooling via atomic transitions and consequent star formation is expected to be inefficient. The minimum mass M min is assumed to be the Jeans mass determined by the IGM temperature [45] ,
whereρ is the total mass density including dark matter, and we choose T IGM = T ad , the average temperature of the IGM assuming only adiabatic cosmic expansion, consistent with our basic assumption of not accounting for astrophysical feedback effects.
III. NONSTANDARD COSMOLOGICAL EFFECTS AND RESULTS
Fig . 3 shows the abundance of 21 cm absorption features per redshift interval along an average line of sight as a function of optical depth at z = 10 and 20 for the baseline ΛCDM cosmology. Around a given z, the expected number of absorption features with a given τ is roughly zτ d 2 N/dzdτ , which at z = 10 is seen to be ∼ 100, 5, 0.7 for τ ∼ 0.01, 0.1, 1, respectively, appearing near observer frequency ν obs ∼ 129 MHz. At z = 20, the numbers drop considerably, simply because structure formation is less advanced compared to z = 10, although one can still expect ∼ 1 absorption feature with τ ∼ 0.01 at ν obs ∼ 68 MHz. Fig. 4 compares the contributions of different ranges of halo mass to the absorber abundance at z = 10 and z = 20, revealing that M = 10 4 − 10 5 h −1 M ⊙ is most important. With our assumption of M min as the Jeans mass for T IGM = T ad , M min ∼ 3.96 × 10 4 h −1 M ⊙ at z=10 and M min ∼ 1.68×10 5 h −1 M ⊙ at z=20, so the main contribution comes from minihalos with masses just above M min . On the other hand, minihalos with M ∼ 10 8 h −1 M ⊙ hardly contribute to the absorbers for τ 0.01, on account of their higher T s as well as lower halo abundance.
In the following, we discuss how these baseline results are modified by the effects of neutrino mass, running spectral index and warm dark matter. 
A. Neutrino mass
If neutrinos have mass, the evolution of neutrino perturbations after decoupling from the hot plasma in the relativistic regime is modified compared to the case with massless neutrinos. The Boltzmann equations that describe the evolution of the perturbations and the transfer function that relates initial conditions and density perturbations after recombination are changed accordingly [9] . In addition, the energy density ρ m for massive neutrinos contribute as matter, as opposed to massless neutrinos that contribute as radiation. As a result, the matter power spectrum below the turnover scale and the corresponding halo mass function are suppressed compared to the massless case. In our calculation, we used the CAMB code for calculating the transfer function including massive neutrinos [46] .
The free streaming scale of neutrinos with mass m ν is given by [47] k fs ∼ 0.026 m ν 1eV
The suppression of the matter power spectrum below the free streaming scale is given by [47] 
Here, N is the effective number of massive neutrino species, and Ω ν is the energy density of massive neutrinos ρ ν relative to the critical density ρ cr ,
where m i is the mass of each neutrino family [9] . Taking all these into account, we plot the halo mass function including the effect of massive neutrinos in Fig.5 . It can be seen that the suppression of the mass function is most prominent at the high mass end where it falls off exponentially.
Cosmological observations have already placed relatively tight constraints on neutrino masses. For example, upper bounds of m ν < 0.17 eV and m ν < 0.26 eV have been placed from observations of the Lyα forest and SDSS-III, respectively [10, 48] , while recent Planck results give m ν < 0.66 eV from the CMB alone [3] . To illustrate the effect of neutrino mass, we consider three cases, m ν = 0.1, 0.5 and 1.0 eV. The abundance of absorbers for different neutrino masses at z =10 and 20 is shown in Fig.6 . At z = 10, the resulting differences are found to be quite small, less than a factor of 3 even for m ν = 1.0 eV. However, at z = 20, this can become much larger, reflecting the differences in the halo mass function in the mass range that is most important for the 21 cm forest signal, M ≈ 10 4 ∼ 10 6 h −1 M ⊙ . Fig.5 shows that the exponential tail of the mass function, where the effect of the neutrino mass is largest, is much closer to this range for z = 20 than for z = 10. This is despite the fact that the suppression of the linear matter transfer function below the free streaming scale is actually smaller at higher redshifts [49] .
At any rate, for the purpose of constraining neutrino masses, it is apparent that the 21 cm forest must be observed at z ∼ 20 or higher in order to have any practical value in comparison with other methods. We return to this issue in Section IV.
B. Running spectral index
The running of the spectral index n s of primordial fluctuations, dn s /d ln k, is defined by
where k 0 = 0.05Mpc −1 , and R k is the primordial curvature perturbation [50] .
The latest constraints from Planck on the spectral index and RSI are n s = 0.9548 ± 0.0073 and dn s /d ln k = −0.0149 ± 0.0085 in combination with WMAP polarization and high-l CMB data, and n s = 0.9596 ± 0.0063 and dn s /d ln k = −0.0130 ± 0.0090 in combination with WMAP polarization and BAO data [51] . For several assumed combinations of the spectral index and RSI, we show the resulting halo mass function and abundance of 21 cm absorbers in Fig.7 and Fig.8, respectively .
In contrast to massive neutrinos that suppress the power spectrum uniformly at all scales below the free streaming scale, the effect of RSI can be potentially more significant, since it becomes progressively larger as one goes to smaller scales. However, taken into account the latest constraints from Planck and other observations, we see that its effect on the 21 cm forest at z = 10 remains within a factor or a few. As with the case of massive neutrinos, the effect of RSI is found to be larger at z = 20, for similar reasons: the most relevant range of halo masses for the 21 cm forest is closer to the high mass tail of the mass function, which is exponentially sensitive to changes in the fluctuation amplitude caused by RSI. Thus, if the 21 cm forest is observable at z = 20 or higher, one may hope to obtain valuable constraints on RSI, which in turn may help in discriminating different inflation models [11] , independently from other observations.
C. Warm dark matter
To evaluate the halo mass function in the WDM cosmology, we utilize the prescription of Smith & Markovic [52] . For WDM of particle mass m WDM and density Ω WDM relative to the critical density, the comoving free streaming scale can be approximated by
. (17) The mass scale below which halo formation is suppressed is [53] 
The halo mass function in the WDM cosmology is ap-
(19) Here σ log M =0.5, and [dn/dM ] PS is the Press-Schechter mass function evaluated with a fitting formula for the matter power spectrum with WDM [54, 55] 
where α and µ are fitting parameters given by
(21) and µ = 1.12 [55] .
The resulting halo mass functions at z = 10 and 20 for WDM with different particle masses compared with CDM are plotted in Fig.9 . As can clearly be seen, WDM drastically suppresses the mass function below the mass scale M fs that depends on m WDM , while remaining identical to CDM above this scale. Fig.10 shows the corresponding abundance of 21 cm absorbers for WDM, which manifest dramatic changes in accord with the halo mass function at small masses. The effects at z = 20 are even stronger than at z = 10, for reasons similar to that discussed above for neutrinos or RSI. In fact, if m WDM is in the few keV range as is favored to explain the missing satellite problem [17] , the suppression would be so great as to virtually make any 21 cm forest signal unobservable, as the relevant minihalos are much smaller than the satellites in question.
On the other hand, the cause of the missing satellite problem may lie in some kind of astrophysical feedback effect. From a particle physics perspective, WDM is still motivated in some theories, for example as sterile neutrinos, whose mass has been constrained to be in the range ∼ 1-50 keV, also depending on the mixing angle (see Fig.2 in [13] ). The current upper limits on their mass come from non-detections of X-ray lines caused by decaying sterile neutrinos in clusters of galaxies and the cosmic X-ray background. We see from Fig.10 that future observations of the 21 cm forest may provide an observable and potentially more sensitive probe of such particles with masses m WDM 10 keV.
IV. DISCUSSION AND SUMMARY
We now turn to a discussion of the observability of the 21 cm forest due to minihalos. The principal question is the existence of background radio sources with sufficient brightness and number at the relevant frequency and redshifts of z ∼ 10 − 20. The low temperatures of minihalos imply that the width of the expected absorption features are narrow, necessitating spectroscopy with frequency resolution of order ∆ν ∼ kHz at observer frequencies ν obs ∼ 70-130 MHz. Following [22] , in order to detect absorption features of optical depth τ with frequency resolution ∆ν and signal-to-noise S/N for an integration time t int , the required minimum background source brightness is
where the specifications of SKA are adopted for the effective collecting area A eff and system temperature T sys . Our results in Section III at face value show that spectroscopy of a single source with such properties at z ∼ 10 may reveal tens to hundreds of absorption features with τ ∼ 0.01 − 0.1, which could already provide important information on the SSPS. Multiple sources would still be desirable to characterize fluctuations along different lines of sight. On the other hand, at z ∼ 10, our neglect of astrophysical effects such as the UV background or reionization and heating of the IGM is hardly justifiable. As discussed below, in reality, such effects may completely dominate over any of the SSPS-related effects discussed above, which were quite small already at z = 10 except for WDM.
In this regard, z ∼ 20 or higher would be much more preferable, since the formation of stars and galaxies and their consequent feedback effects are likely to be considerably less advanced. Moreover, as seen in the previous section, the effects on the 21 cm forest caused by interesting non-standard physics aspects such as neutrino mass, running spectral index and warm dark matter all become significantly larger at z ∼ 20. On the other hand, the expected number of absorption features is much less, only of order one with τ ∼ 0.01 along a given line of sight. Thus, at these redshifts, at least several (and preferably much more) background sources would be required for the 21 cm forest to be a useful probe of the SSPS.
Primary candidates for such sources at high redshifts are radio-loud quasars. For example, an object similar to a powerful, local radio galaxy such as Cyg A would have the requisite brightness if placed at z ∼ 10 [23] . Estimates based on extrapolations of the observed radio luminosity functions to higher redshifts suggest that depending on the assumptions, there could be as many as ∼ 10 4 − 10 5 and ∼ 10 3 − 10 4 radio quasars with sufficient brightness in the whole sky at z = 10 and z = 15, respectively [25] (see also [56] ). However, from a physical standpoint, it is an open question whether black holes with accordingly large masses could already have existed at such epochs.
An alternative possibility is the radio afterglows of certain types of GRBs. GRBs have already been observed up to z ∼ 8 − 9, and it is plausible that they occur up to the earliest epochs of star formation in the universe at z ∼ 20 or higher [57] . However, if such GRBs are similar to those seen at lower redshifts, their radio afterglows are not expected to be bright enough at the relevant observer frequencies ν obs ∼ 100 MHz due to strong synchrotron self-absorption [58, 59] . On the other hand, it has been recently proposed that GRBs arising from Population (Pop) III stars forming in metal-free environments may be much more energetic compared to ordinary GRBs, which can generate much brighter low-frequency radio afterglows by virtue of their blastwaves expanding to larger radii over long timescales t rad,pk ∼ 1000 yr [60] . If the rate of Pop III GRBs with sufficiently bright radio emission is 0.1 yr −1 or roughly 10 −4 of all GRBs, one can expect ∼ 100 such sources all sky at a given time. Thus they may potentially suffice for 21 cm forest studies even at z ∼ 20, albeit with large uncertainties. A practical question that remains is how we can observationally identify such sources. Further discussions on the observability of the 21 cm forest are beyond the scope of this paper and will be explored in future work.
Next, we briefly discuss some aspects of astrophysical feedback effects that we have chosen to neglect in this work in order to focus on the implications of the SSPS. Once the formation of stars and/or black holes is initiated in the universe, a background of UV and X-ray photons will build up over time. Ly α photons can resonantly scatter with hydrogen atoms and alter its hyperfine excitation state via the Wouthuysen-Field effect (see Eq.7) [30] . Furthermore, UV and X-ray photons as well as shocks driven by supernova explosions, quasar outflows, etc. can heat the IGM to temperatures much above our assumed value of T ad corresponding to simple, adiabatic cosmic expansion. The consequences of such effects on the 21 cm forest are likely to be significant [22] [23] [24] [25] [26] [27] [28] [29] , especially at z ∼ 10, where it is clear that cosmic reionization is already in progress from CMB polarization measurements. As a simple illustration of such feedback effects, Fig.11 shows how the 21 cm forest at z=10 is affected by introducing a uniform temperature floor in the IGM at different values. The main consequence here is the increase of the Jeans mass, which eliminates the smaller minihalos that are predominantly responsible for the 21 cm forest signal and leads to its severe suppression. Compared to the effects of the SSPS discussed in Sec.III, those due to feedback exhibit a much stronger dependence on τ , which in principle may help in distinguishing the two. However, in practice, exploring the SSPS clearly favors observations at z ∼ 20 and above where such feedback effects are expected to be more limited, in addition to the fact that the SSPS-related effects are larger, including those caused by massive neutrinos, running spectral index and warm dark matter. To conclude, we have presented a novel approach to probe small-scale cosmological fluctuations utilizing the 21 cm forest, that is, absorption features caused by HI gas in minihalos in the spectrum of background radio sources at redshifts at z ∼ 10 and above. The method is potentially sensitive to scales k 10 Mpc −1 , much smaller than can be currently studied via observations of the CMB, galaxy clustering or the Lyα forest. New insight can be expected into aspects of physics beyond the standard ΛCDM cosmological model such as massive neutrinos, running of the primordial spectral index and warm dark matter. Radio quasars or Population III gamma-ray bursts are potential candidates for the background radio sources with the requisite brightness and number at the appropriate redshifts for future observations with SKA.
Of interest for further studies of the 21 cm forest that have not been considered here include uncertainties in the halo mass function at high redshifts [61] [62] [63] , the effects of gas outside the virial radius accreting onto minihalos [22, 27] , and the effects of relative streaming velocity between baryons and dark matter [64] [65] [66] . Further potentially interesting cosmological applications of the 21 cm forest include probes of primordial non-Gaussianity in relation to either the nonlinear, scale-dependent bias [67] or the halo mass function [68, 69] , and probes of isocurvature primordial perturbations (e.g [70, 71] ). We note that several recent papers have discussed the possibility of studying various aspects of the SSPS via the 21 cm emission signal [72] [73] [74] [75] , although efficient removal of the far brighter foreground emission poses a major observational challenge for realizing such prospects [35] .
